In this paper, we consider the Zeghdoudi distribution as the conditional distribution of Xn | , we focus on estimation of the Bayesian premium under three loss functions (squared error which is symmetric, Linex and entropy, which are asymmetric), using non-informative and informative priors (the extension of Jeffreys and Gamma priors) respectively. Because of its difficulty and non linearity, we use a numerical approximation for computing the Bayesian premium.
INTRODUCTION
Credibility theory is a rating technique in actuarial science which can be seen as one of the quantitative tools that allow the insurers to perform experience rating, that is, to adjust future premiums based on past experiences. We focused on a popular tool in credibility theory which is the Bayesian premium estimator developed by [1] , considering the Zeghdoudi distribution (ZD) as a claim distribution.
The ZD [2] has been overlooked in the literature from 2017, the idea is based on mixtures of the ordinary exponential ( ) and Gamma (3, ) distributions, is one of the distributions of waiting time, life testing, and reliability theory and some classical statistics properties are investigated by [3] . There are a lot of papers is based on mixtures of the distribution, such as distribution Introduced by Lindley in 1958. Lindley distribution originally developed by Lindley [4] , Zeghdoudi and Nedjar [5] [6] [7] [8] , Zeghdoudi and Lazri [9] introduced a new distribution, named gamma Lindley, pseudo Lindley, Lindley-Pareto and others like Shanker et al. [1 ] and Ghitany et al. [3] andSankaran [12] and Ghitany and Al-Mutairi [13] .
Recently Krishna and Kumar [14] use the maximum likelihood and Bayesian approach, however they did not consider it for the complete data set using various loss functions, a study of the effect of some loss functions on Bayes Estimate and posterior risk for the Lindley distribution is made by Sajid Ali et al. [ ]. Metiri et al. [16] explain the derivation of posterior distributions for the Lindley distribution under Linex loss functions using informative and non-informative priors.
Let x 1 , x 2 , ..., x n be independent and identically distributed lifetimes from a ZD with an unknown parameter . The probability density function is given by:
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The likelihood function for a random sample x 1 , x 2 ..., x n which is taken from ZD is:
The article is organized as follows, Section 2 explains the we derive this estimator under entropy loss which is asymmetric and squared error loss and Linex loss which is a symmetric loss function with informative and non-informative priors. The paper finds a solution to this problem by deriving this estimator using numerical approximation (Lindley approximation) which is one of the suitable approximation methods for solving such problems, it approaches the ratio of the integrals as a whole and produces a single numerical result. In Section 3, Simulation study using Monte Carlo method is then performed to evaluate this estimator and mean squared error technique is made to compare the Bayesian premium estimator under the above loss functions.
DERIVATION OF BAYESIAN PREMIUMS
To obtain Bayesian premium estimators, we assume that is a real valued random variable with probability density function ( ). The posterior distribution of , i.e., recall that the conditional distribution of X n | is the ZD and the distribution of Θ is assumed to be known in the present section.
is the posterior distribution of given the data. In this section we consider estimation of the Bayesian premium P B ⋅ based on the above mentioned priors and loss functions.
Bayesian Premium Estimators Under Squared Error Loss Function
The squared error loss function was proposed by [17] and [4] to develop least squares theory. It is defined as
In the actuarial literature, we write
The Bayesian premium P B SELF is the estimator of ( ), it is to be chosen such that the posterior expectation of the squared error loss function
is minimum.
where
is the individual premium.
Posterior distribution using the extension of Jeffreys prior
Bayesian approach makes use of ones prior knowledge about the parameters as well as the available data. When ones prior knowledge about the parameter is not available, it is possible to make use of the non-informative prior in Bayesian analysis.
Since we have no knowledge on the parameters, we seek to use the extension of Jeffreys' prior information, where Jeffreys' prior is the square root of the determinant of the Fisher information. We find Jeffrey prior by taking ( ) = √I ( ), where
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The extension of Jeffreys distribution is assumed as non-informative prior for the parameter . It was proposed by [18] and [19] , it is given as:
Combining Eq. (6) with the likelihood function of ZD, the posterior distribution of parameter given the data (x 1 , x 2 ..., x n ) is derived as follows:
According to the squared error loss function, the corresponding Bayesian premium estimator is derived by substituting the posterior distribution Eq. (6) in Eq. (3), as follows:
We know that only combinations of unidimensional exponential family members with their natural conjugate priors yield linear Bayesian premiums (exact credibility formula).
The natural conjugate priors which give us a credibility premium formula are Gamma, Beta, and normal density. Since, Poisson, exponential, geometric, binomial and normal distribution belong to the exponential family of distributions.
It may be noted here that the posterior distribution f ( | x) takes a ratio form that it gives not a credibility formula and involves an integration in the denominator and cannot be reduced to a closed form. Hence, the evaluation of the posterior expectation of obtaining the Bayesian premium of will be tedious. Among the various methods suggested to approximate the ratio of the integrals of the above form, perhaps the simplest one is Lindley's [19] approximation method, which approaches the ratio of the integrals as a whole and produces a single numerical result. Thus, we propose the use of Lindley's [19] approximation for obtaining the Bayesian premium of . Many authors have used this approximation for obtaining the Bayes estimators for some distributions; see among others, [20] and [21] .
If n is sufficiently large, according to Lindley [19] , any ratio of the integral of the form
g ( ), log of prior of .
Thus,
After substituting the value of f( | x), it may be written as:
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It may easily be verified that
Then, we get (15)
Posterior distribution using the inverted gamma prior
The inverted gamma (IG) prior is a good life distribution model which represents the reciprocal of a variable distributed according to the gamma distribution. It is observed that if has an IG ( ; ) distribution then 1 has a gamma ( ; ) distribution.
It is given as
The first two moments of IG ( , ) are
Now, using the likelihood of ZD and the IG prior, the posterior distribution for the parameter given the data (x 1 , x 2 ..., x n ) takes the form Now, according to the squared error loss function, the corresponding Bayes' estimator for the parameter is derived by substituting the posterior distribution Eq. (16) in Eq. (17), as follows:
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Following the procedure as discussed above, we have
It may easily be verified thatĥ
We get after simplification
Bayesian Premium Estimators Under Linex Loss Function
The linex (linear-exponential) loss function (the name linex is justified by the fact that this asymmetric loss function rises approximately linearly on one side of zero and approximately exponentially on the other side) which is asymmetric, was introduced by [25] [26] . It may be expressed as:
The sign and magnitude of the shape parameter a reflects the direction and degree of asymmetry, respectively. (If a > 0, the over estimation is more serious than underestimation, and vice-versa). For a closed to zero, the Linex loss is approximately squared error loss and therefore almost symmetric.
The posterior expectation of the linex loss function equation is:
By result of [5] , the estimator of under the linex losŝwhich minimizes the above equation is given bŷ
In our study, the aim is to find the Bayesian premium estimator P B LIN which is the value that minimizes the above equation, it is given by:
When the expectation E [ e −a (Θ) ] exists and finite [27] .
Thomson and Basu in [25] identified a family of loss functions L (Δ) where Δ is either the estimation error (̂− ) , such that
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• L (Δ) is twice differentiable with L′ (0) = 0 and L (Δ) > 0 for all Δ ≠ 0;
• L′ (Δ) > −L′ (−Δ) > 0 for all Δ > 0.
Posterior distribution using the extension of Jeffreys prior
Using the linex loss function, the corresponding Bayes estimator of the parameter is as follows:
Following the same steps explained above, we have
L ( , x) and g ( ) are the same as those given in Eqs. (12) and (13).
Then, we get
Posterior distribution using the IG prior
The corresponding Bayesian premium estimator under the linex loss function is:
Following the same steps mentioned above, we find h ( ) = e −a (Θ) , L ( , x) and g ( ) are the same as those given in Eqs. (12) and (19) .
Bayesian Premium Estimators Under Entropy Loss Function

Posterior distribution using the extension of Jeffreys prior
Using the entropy loss function, the corresponding Bayesian premium estimator is as follows
, L ( , x) and g ( ) are the same as those given in Eqs. (12) and (13) h = 2 2 + 12 + 12
Elicitation of hyper-parameter(s)
According to [28] , elicitation is the process of formulating a person's knowledge and beliefs about one or more uncertain quantities into a (joint) probability distribution for those quantities. In the context of Bayesian statistical analysis, it arises most usually as a method for specifying the prior distribution for one or more unknown parameters of a statistical model. It is a difficult task because we first have to identify the prior distribution and then its hyper-parameters.
In this article, we focus on the method proposed by [29] to determine the hyper-parameters and of the gamma prior, this method is based on bootstrap method, we adopt the same steps explained in [14] .
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Posterior distribution using the IG prior
The corresponding Bayes estimator for the parameter under the entropy loss function is:
Following the same steps mentioned above, we find
, L ( , x) and g ( ) are the same as those given in Eqs. (12) and (19) .
.̂− 8 3 + 144
SIMULATION STUDY
In this section, Monte Carlo simulation study is performed to compare the methods of estimation by using mean square Errors (MSE's) as follows: The results are summarized and tabulated in the following Tables 1-4 . Where N is the number of replications. We generated 100,000 samples of size n = 20, 40, 60, 80, 100, 1,000 and 10,000 to represent small, moderate and large sample sizes from ZD with three values of ( = 0.44, 1.5, 9) . In order to compare the Bayesian premium estimators
th , 
DISCUSSION
This study deals with the Bayesian estimation problem based on ZD as a conditional distribution. For Bayesian premium estimators, the performance depends on the form of the prior distribution, and the loss function assumed. Most authors used squared error as a symmetric loss function. However, in practice, the real loss function is often not symmetric. The simulation study revealed that the Bayesian premium estimator under entropy loss is also more efficient than the Bayes estimator under squared error and Linex loss functions in most of the situation. Furthermore, MSE of the Bayesian premium estimators for the entropy loss has the smallest values as compared with the corresponding Bayesian estimators under Linex and squared error loss functions. It may be noted here that when increases, ( ) decreases and the Bayesian premium estimator tends to ( ). Under the two above priors, we conclude that the performance is approximately equal to smaller posterior risk as compared. Also, the results of the gamma prior are more precise than an extension of Jeffreys prior. From the above mentioned discussion, we may conclude that the Bayes procedure discussed in this paper can be recommended for their use.
CONCLUSION
In this paper, since the risk parameter for a policyholder is never known, we constructed Bayesian premium estimators following Bayesian inference techniques. By imposing a prior distribution on, we are able to probabilistically describe the risk structure for the entire rating class. In practice, the choice of this prior distribution is subjective to personal judgments or induced from historical data of the corresponding group. Using numerical simulation, it seems that the Bayesian premiums are consistent and verified the condition of convergence to the individual premium. For future studies, we can consider the distributions of inverse Lindley, gamma-Lindley as a conditional distribution instead of ZD, under entropy, linex and squared error loss functions respectively. In addition, this work can be extended using censored data.
